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This supplementary material contains discussions on the optimal bandwidths se-
lection, technical proofs, and additional asymptotic results for weighted averages
of effects. All assumptions, notations, and references are as given in the main body
of the paper.

APPENDIX A: SELECTION OF BANDWIDTHS

In this appendix, we provide a useful guideline on how to use leave-one-out cross-
validation (Wahba (1990)) in estimating bandwidths. Because formal treatment of the
methods described here is beyond the scope of this paper, our discussion is purely
heuristic.

Suppose for the moment that X is observable, as the local linear approach assumes.
Let Z = (X, W), and let i;,(z) be the nonparametric regression estimate at z = (x, w)
with bandwidth 4. For observation k and smoothing parameter «, let 421%-*! be the mini-

mizer of
Om=1 3 (i puzo) tat 3 02|,
n. - n. =
i=1,i#k i=1,i#k
where D?[i,(Z;) is the second derivative matrix of i, evaluated at Z;, and | - || denotes
a suitable matrix norm. Here, it is convenient to choose | - | to be the Frobenius norm,
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that is, the square root of the sum of squares of the matrix elements. Let fi,x. denote
{;, evaluated at 45-], Then the cross-validation function Vy(«) is

n

1 )
Vole) = — 3~ (Yi = gtk (Z0) -
k=1

We obtain a cross-validated estimate of the smoothing parameter « by minimizing the
cross-validation function Vj(«). Using this estimated «, we then obtain a cross-validated
estimate of the bandwidths / = (h1, k) by minimizing Qg(h), which leaves out no ob-
servations. This procedure is similar to standard cross-validation, as in Wahba (1990),
except that here /2, and #h, are additional smoothing parameters to be estimated, and
instead of an integral, a sample average is used in the second term of Q’;(h). Here Q’; (h)
embodies a trade-off between fidelity to the data and smoothness of the regression func-
tion. The first is represented by the mean square of residuals and the second is repre-
sented by the generalized mean square of the second derivative. As the smoothing pa-
rameter « controls the trade-off between fidelity and smoothness, one can choose useful
bandwidths even with quite noisy data.

Although the above method is feasible when X is observable, a more elaborate ap-
proach is required when X is mismeasured. A straightforward analog of the method for
observable X follows by suitably replacing the functions Q% and V;(«). Specifically, we
replace Q% with an estimate of

Ou(h) = /(y — fun(x, w))sz|X,W(y [ x, w) fxw (x| w) fw (w) dy dx dw

N 2
+a/HDzuh(x,w)H Fxyw (x | w) fw (w) dx dw
that does not require X to be observable, where now [, (x, w) = gy,o(x, w; h)/g1,0(x,

w; h). Inspecting this expression, we see that a new quantity appears: fy|x,w, the density
of Y given (X, ). Using the fact that

Ixiy.wiviw
frixw =—F——
fxiw
and substituting this into Q4 (/) gives

Qu(h) = /(y — fin(x, w))zfX|Y,W(x |y, w) fy,w(y, w) dydx dw

+ a/”DZﬂh(X, w)||2fX|W(x | w; h) fw (w) dx dw.

Replacing fy,w and fy with their empirical counterparts yields the analog of OX:

. 1 & A R
Oy = D" [ (Vi B W) Farv (x 1 Yo Wiy
i=1,itk

1 n )
a3 [ 102 W x|
i=1,ik
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With 4%-2] now denoting the minimizer of QX (), we define a similar analog of ; as
5 1y - 24 lkal
Vo@) =3 | (Yie = ity (6, Wi))“Fxiyw (x| Yie, Wis ) .
k=1

To implement this method, we require an estimator f}qy,W for fx|y,w. But this can be
obtained in a manner precisely parallel to the way we obtain fx |, simply by replacing
W in Lemma 3.1 and the following development! with (Y, W) for the case (VV = 1, A =0).
The estimates for «, /1, and &, are then obtained using the method described above for
observable X 2

APPENDIX B: MATHEMATICAL PROOFS OF MAIN RESULTS

This appendix presents mathematical proofs of results in the main text.

ProoFr or LEMMA 3.1. By Assumption 3.1, all expectations below exist and are finite.
We first observe that U, L (X, W) implies U, L X and U, L W. By Assumptions 2.3, 3.2,
and 3.4 and the law of iterated expectation, we get

IE[X1€/¢%2] E[X XU 4 E[E(U X0 | X, U))]
E[eiéX2] E[ei€(X+U2)]
IE[X e §X+UD L {E[E(Uy | X, Uy)el§X+02))
E[eié(X+U2)]
l'E[Xeif(X+Uz)]

= R[] GV

_IE[X ]
- E[eiéX]
= Dgln(E[e’fX]),

as considered by SWC. We use E[U; | X, U;] = 0 in the step from the second to the third
equality and use U; L X in the step from the third to the fourth equality.

We note that U, L (X, W) implies U, L X | W, and we also note that U, L X | W
implies U, L (X, W) | W by Lemma 4.1 and Lemma 4.2(ii) in Dawid (1979). Then for
each real , we have

by (L, W) = E[Ve ™ | W]

_E[Ve''Y | W]E[e'¢D2]

irx
Fleit|Elect) Pl ]

I This includes the stated regularity conditions involving W, except for Assumption 3.2(iii).

2Although we use the same /4 for notational simplicity, the bandwidths for f x|v,w are different from
those for f xw - In estimating the bandwidth and smoothing parameters, we allow for different bandwidths
for fx|v,w and fx;w. We use the same bandwidths for Y and W for computational simplicity; this is not a
strong restriction.
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_E[VetX | WIE[e V2 | W]
B E[ei¢X]E[ei{U2]

_ EIEWVe™X | X, W1 | WIE[eY2 | W]
- E[eigX]E[ei{Uz]
_ E[E[V | X, W]e'tX eV | ]
- E[e‘{X]E[e’ZUZ]
_E[E[V | X, Uy, W]e't¥etl2 | W]
- E[ei{X]E[eiZUz]
_E[E[Ve 2 | X, Uy, W] | W]
B E[ei{X]E[eit02]
E[VeltX2 | W] ¢ X

E[Ve’ZXZ | W] /é iE[X1ei§X2]
E[eitX2] 0o El[etX2] ’

E[ei4X]

0]

E[e’ZX]

E[eigX]

E[ei‘uX]

where Uy, L W, U, L (X, W) |W,and E[V | X, U, W] = E[V | X, W] are used in the steps
from the second to the third line, from the fifth to the sixth line, and from the sixth to the
seventh line, respectively.
Given Assumptions 3.3-3.5, we get
(=IO E[V e | W = w]

=g [ EW W =w. X =31 (x| w)el® dx

=(-D* /E[V | W =w, X =x]fxw(x | w)yDAe'** dx

= fD;(E[V | W =w, X =xIfxw(x | w))e“* dx

= f gra(x, wye'* dx,

where the third equality follows by integration by parts. The last expression is the Fourier
transform of g7 ) (x, w). Foreach A € {0, ..., A} and (x, w) € supp(X, W), we have

1
o / (—i0) y (£, w) exp(—idx) dL
ar
= %/(—ig“))‘E[Ve‘{X | W =w]exp(—i{x)d{.

Since the right hand side is the inverse Fourier transform of (—i{)*E[V e/ | W = w], the
result follows. U
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Proor oF LEMMA 3.2. Assumptions 3.1 and 3.3-3.6 ensure the existence of

1 X—x - -
gV,)\(xaw’hl)E/._k gV,A(X,w)dx
hy hy

_ / %k(xhl)C)D;}(E[V | X =5, W = wlfxw (G | w) di.
By the convolution theorem, the inverse Fourier transform of the product of «(/1¢)
and (—i0)*E[VeX | W = w] is the convolution between the inverse Fourier trans-
form of «(h;¢) and the inverse Fourier transform of (—i{)*E[V e!X | W = w]. The in-
verse Fourier transform of x(/1¢) is hflk(x / h1), and the inverse Fourier transform of
(—iOAEV el X | W =w]is DMEV | X = x, W = wlfxw(x | w)). It follows that

1 A
Qv G, ) = 5 / (O ((—iOPE[V e | W = w]) exp(—idx) d¢

1
= / (i) (1 )by (£, w) expl(—idx) d. -

T
PROOF OF LEMMA 4.1. For 4 € {1, X;}, welet 0 4({) = E[Ae!¢X2] and for VV € {1, Y},

_EWEe | W =wlfyw) _ xv(§w)
fw (w) fww)

where i ({, w) = E[Ve/“X2 | W = w] i (w). Also we let 6.4({) = E[Ae“X2] and 80 ,4(¢) =
0.4(0) — 6.4(0). Similarly, 8y (¢, w) = E[V X2 | W = w] = 31 (£, w)/ fw (w), where

Oy (L, w) =E[Ve'*™2 | W =w]

. 1 & o
xv({,w)= 0 E kp, (Wi — w)Vje’éVXZJ = E[Vg’éVXZkhz(W _ w)]’
j=1

N 13 N
fw(w)=— ;kmwj —w) = E[kp,(W —w)],
]:

so that Sy (£, w) = xy (£, w) — xy (£, w) and SfW(w) = fw(w) — fw (w). We state a useful
representation for éxl (0)/61(0),

0 0 50
(@) _ 0 @+00x(8) _ ()4 84x,(0), (S2)
01(0) 0100 +861(0)

where gx, ({) = 0x,({)/01({) and where 84, ({) can be written as either

80x, () 0X,<§)691(§))(1 6(%(5))‘1
01(0) (61(0))? 01(0)

or 8gx,({) = 814x,({) + 82gx, (£) with

55]}(1({):(

86x,({)  0x,()861(0)
01({) (01002 7

814x,(H) =
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() (691@))2( 691@))‘1
4] == -~ 27 14 427
200 =%0 o ) U oo

80x,(0) 861(0) (1 . 691@))1
01(0) 61D 0 )

For Ry (£, w)/61(0),

xv (&, w) _xv(&w)+ Sxv (L, w)
01(0) 01(0) +861(0)

where gy (£, w) = xp ({, w)/601({) and where Gy (£, w) can be written as either

SRv(Lw)  xv(s w)aél(o) (1 691@))‘1
61(0) (01(0))2 01(0)

or 8qy (£, w) = 814y ({, w) + 82qv (£, w) with
Sxv(Lw)  xv(¢w)dbi(g)

=qv({, w) +8qy (L, w), (S3)

8qy (¢, w) =(

819 5 = >
v iew == (01(0))2
) _xv(z,w>(691<§>)2< 661@))1
B Jw) = 1
& ==g" 5 o ) ' a0
8w (L w) 8010 <1+ sél(a)‘l
01(0) 6100 00 )
Similarly, for 1/ fW(w),
1
=q1(w) + 8641 (w), (S4)

Frw)  fuw(w) + 8w (w)

where g1 (w) = 1/fw (w) and where §g;(w) can be written as either

) 8 fr (w) )( st(w>>—1
) = - 1
New) ( AN
or 841 (w) = 81G1(w) + 62G1(w) with
. 8 fw (w)
B =_ ,
) = = )2
. 1 6fW<w>>2( afmw))‘l
1) = 1+ .
21 () fW(w)<fW(w) o (w)

For Qx, ({) = [i{ (i6x,(£)/61(£)) d€, 80x, () = [ (i0x,(£)/61(£)) d& — Qx, () and some
random function 8QX1(§) such that |6QX1(§)| < |8QX1(§)| forall Z,

exp(Qx, ({) + 80x,({)) (S5)

~ 1 - N
—exp(Qx, (00) (14803, + 5 [e30(30x,(0) (303, 0)) ).
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By substituting eqs. (S2)-(S5) into

gva(x,w, h) — gy (x,w, hy)

1 . [0, w) Cibyx, (&)
=~ [ ot pe <—§>[ W, (/ 2 dé)
277/ eSS o TP\ e

Oy (£, w) fé i0x,(§) )]
— d d
01(0) eXp<o @ )46

gV,)\(xa w, h) - gV,)\(x’ w, hl)

1 oy (¢, Lio
:E/<—i£>AK<h1§>exp<—igx>[— v, w) exp</0 i0x,(£) dg)

we have

61(0) 61(6)
Xv(&w) | djy (& w)  xv (6 w)dhi(4)
61(£) 61(£) (61(0))>
1 Sfww
fw@w)  (fw(w))?

_|_

+ 82qv (¢, w)}

+ 52511(11))} exp(Qx, (1))

¢ 4
i fo 81, (£) dé + /0 iByi1x, (£) dé

1 = £ 60 2
+§exp(5QX1(§))(/ 16qxl(§)d§) H dg.
0

Keeping the terms linear in 861(0), 6@;(1 (0), dxv({,w), and 6 fW(w) gives the lineariza-
tion of gy, \(x, w, h), denoted by gy A (x, w, h):

gV,)\(xa w, h) - gV,)\(x’ w, hl)

1 T
= f (—i) k(1 0) exp(—zzx)[ Ziféf)”) exp(Qx,)
{1i80x, (&) io;q(g)aél(f)) xv (& w) 8fw(w)
_ dé —
X/o( 01(6) @y )R O) Ty e
Sxv (6w xv(, w>691<4>>] J
+eXp(QX1(§))fw<w>< 01(0) (01(0))? ¢
1
=5 / (i) k(h10) exp(—ilx) by (£, w)
a

§ /§<iﬁéxl(§) _i0x,(£)86,(£)
0

déd
01(8€) (01(£))? ) fat

1
tos /(_l[)/\'((hlg) exp(—i{x) ¢y (£, w)

y (_Bfmw) L dvgw) 5@1(@)%
fww) " xvGw) 60
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Using the identity
00 { [ Ire) 0 —00
f fof(§,§>d§d§=/0 /§ f<§,§>d§d§+f | rweaca

+o00
E/ [ oda

for any absolutely integrable function f, we get
Lya(x,w, h)
= gV,)\(x’ w, h) - gV,)\(xa w, hl)

1 +o0
=5 [ fg (i) k(h0) exp(—ilx) by (¢, w) dL

y <iSéX1(§) _ iexl(g)aéug))df
01(6) (01(6€))?

1
too / (i) k(1 £) exp(—ilx) by (¢, w)

<8>%V(§,w> 8 fw (w) 5@1@))%
xv (&, w) fW(w) 01(2)

_ [T L i (D) o y
_f“ 27 (61(0)* Js T8 k) exp(—iE0) gy (£, ) 8

1 ) .
— 5 (O K ) exp(—idx) ‘f’zl((i,;” ) }601(0
+o00
R b (—i§>AK<h1§)exp(—i§x>¢y<§,w)df}ae)(l(z)
+ —( i) k(h1d)exp(—idx )‘”E? w;}m@,w)
+ ——( i) k(h1{) exp(—ilx )"Tf’ }af (w >}d§

Z/W’V,/\,l({,X,w, h1)(E[ei5X2] _E[eiZXz])
Wy x, (6 X, w, ) (E[X1e/€%2] — E[Xe14%2))
+ W (& X w, R (E[V 20y, (W — w)] — E[V 2k, (W —w)])
+ Yy iy (L X, w, hy) (E [khz(W w)] = E[kn, (W —w)])]d¢

= E[ty \(x,w, 1;V, X1, X2, W)],

where ¥y ) 4({, x,w, hy) and £y ) (x,w, h; V, X1, X, W) are defined in the statement of
the Lemma 4.1. O
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We define the following convenient notation as employed in SWC.

DEerINITION B.1. We write f({) < g({) for f, g : R — R when there exists a constant
C > 0, independent of £, such that f({) < Cg({) for all { € R (and similarly for >). Anal-
ogously, we write a, < b, for two sequences a,, b, when there exists a constant C inde-
pendent of n such that a,, < Cb,, for all n € N.

LemmA B.1. Let the conditions of Lemma 4.1 hold, and suppose in addition that Assump-
tion 4.1(ii) holds. Then forV € {1, Y}, each A € {0, ..., A} and h; > 0,

sup |By A (x, w; hy)| = 0((h17])”’3 exp(aB(hfl)VB)),
(x,w)esupp(X,W)

where ag = ad,é”cb, vp=vg,and yxp=vys + A+ 1.
Proor. Using Parseval’s identity, we have
| By aGx, w, h1)| = gy (x, w, hy) = gy a(x, w))|

1
= ‘E / k(M1 O)(—id) py (¢, w)exp(—idx) d{
1
- / (=il by (¢, w) exp(—iLx) dL
ar
1
< Eﬂ(x(hlf) )12} by (L w)| de
5ﬁ by (£, w) de,
&/ hy

since Assumption 3.6 ensures (/) = 1 for |{| < £ and sup; [k(h1)| < oo. Thus, by As-
sumption 4.1(ii), we have

sup | Byax,w, )| < / 1MCo (14 121)™ explag|Z1™) dL
(x,w)esupp(X,W) &/
= O((&/ h)Y* ™ L exp(ag (&) h1)™))

— O((hy) explan(iry!)™).

where the second line follows by Lemma 7 of Schennach (2004a). O

Lemma B.2. Suppose the conditions of Lemma 4.1 hold. For each { and h = (hy, h;), and

for Ae {1’X17 XV fW}v let W;A’A(ga h1) = Sup(x7w)esupp(X,W) |IPV,A,A(§7X7 w, h1)|: and
define

wan= Y [w emacen Y [ @
}

A=({1,X; A={xv,fw}
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If Assumption 4.1 also holds, then for h > 0,
- 1, - A—yp+1
W, () = O(max{(1+ A )" (14 hp 1)

x exp((ag lipy=rg) — a0) (A7 "))
Proor. We obtain rates for each term of ‘I’; A (h). First,

lp[—/t/\,l(ga h1)

= sup |IPV,/\,1(§,X,U), h1)|
(x,w)esupp(X,W)

' 1 i6x,(0)
= sup S — 5
(x,wesupp(X, W)l 27 (01(£))

+o0
x /g (—i&) (1 &) exp(—iéx) by (€, w) dé

by (L, w)
01(0)

1
— —(—zz)whlo exp(—i{x)

L 10,0 R
h : d
<fowipe ), ol e tovce o)

Mk(h
Lol _sup vz i

+oo
[|Dg1n¢1<z>|fg €M k(mo|( sup oy (£ w)])dg

wesupp(W)

B 1
16100

+1cm|( sup |¢V<z,w>;)]

wesupp(W)

because we have 60x,({)/01({) = —iD;In$1({) by eq. (S4) in the proof of Lemma 2.1.
Then

qf;’)\’l(g hl)

=16, (g)|[|D41nd’1(§)|/ [ i }( sup |¢V(§,w)|)d§

wesupp(W)

A
+14] 1{|§|5Zh;]}(wesi‘;g(w)wv/(f, w)|)]

1

hT!
ﬁ—|91(§)|1{§<h1_1}[|D£1n¢1(§)|/g |§|A( sup |¢V(§,w)|)d§

wesupp(W)

+1eM( sup [ow(s, w)|)].

wesupp(W)
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By using Assumption 4.1 and integrating W; ).1(¢; h1) with respect to £, we obtain

JRoARCAnY:

1 '
5/m1{§sh11}[|Déln¢1(m/g €M s [ovgw)de

wesupp(W)

+12*( sup |¢V(§,w)|)]d§

wesupp(W)

ht
=< /0 (1+12)7" exp(—ae|§|”0)[(1+ 1Zn™

x /Ohll EN(1+1€1) 7 explagl€1?) dé +1E1M (1 +1£1) ™ exp(a¢|§|”¢)} ¢
=< (L) T exp(—a () )1+ A7) (14 A )7 exp(ag (1))
+ 1+ ) exp(ag (hr)™)]
< (1 Ay )T exp (—arg (1)) explerg (7))
Second,

11/;,,\,)(1(57 hl)

= sup ‘WV,)\,Xl({’x’wa hl)’
(x,w)esupp(X,W)

= su
(x,w)esupp(X,W)

A
- |91(§)|/g B |K<h1§);(

1 hi! R
= ml{ﬁf}l]—l}/g: 1€l ( sup |¢V(§, w)|)d§’

wesupp(W)

(—i&) k(h1 &) exp(—iéx)dy (€, w) dé

‘ i +o0

27 01(8)

sup |y (£, w)[) dg

wesupp(W)

so that

-/ V,ALX) ¢, hl)dg
< /O (1+|§|)‘W exp(—agl¢|")

x ( /0 161 (14 16)™ explaglél™) 5)dz

< (14 hy ) exp(—an(hy ') explag (h1)").
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Third,
lI,I—/i_,)\,Xy(g’ hl) = Sup }WV,A,XV(§> X, wa hl)|
(x,w)esupp(X,W)
1 . . (¢ w)
= sup '—(—lé”)AK(M{)eXp(—lix)%
(x,w)esupp(X, W) 2m xv (£, w)
5|5|A1{|§|<h1}< sup L@’w)‘),
=1 " N\wesupp(W) xv (L, w)
so that

it [ e

nl
5@1/01 1ML+ 121) 77 exp(—aol 1) (1 +1£1) 7 exp(ag|£17¢) d¢

<y (L )T exp(—ag (1)) explag (1)),

Because infy,csuppw) fw (w) > 0 by Assumption 3.3(i), we finally obtain

Uy gy (6 ) = sup [Py gy (4 X, w, B
e (x,w)esupp(X, W)
1 . . (¢, w)
= sup ‘——(—zwx(hloexp(—zm‘f’V—g
(x,w)esupp(X, W) 2 fw(w)
<1M g en (0 sup [dr (L w)l),
(gi=h, }<wesupp(W)| |>

so that

ol
[0 g =iyt [0 (1 120) explagldl) de

< hy (14 A ) exp(ag (1)),

Collecting these rates for each term of II’; ) (h) gives the desired result. O

LeEMMA B.3. For a finite integer J and K, let P, j(x2) define a sequence of nonrandom
real-valued continuously differentiable functions of a real variable x,, j=1,...,J, and
let O, k (w) define a sequence of nonrandom real-valued continuously differentiable func-
tions of a real variable w, k =1, ..., K. For some Cy, C; and & > 0, let Aj and X, be ran-
dom variables satisfying E[AJZ.Jr5 | Xp = x2] < Cy forall x; e supp(X3), j=1,...,J, and
let By and W be random variables satisfying E [Bf”S | W =w] <G, for all w e supp(W),
k=1,...,K, such thatsup,. 5 oy < 00 and inf,>y o, > 0 for some N € N+, where

7 K 172
o = <Var|:2 APy j(X2) + ZBan,k(W)D .

i=1 k=1
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If there exists some n > 0 such that

max{ sup  |DPuj(r2)],  sup  [DuQui(w)|} = 03P
xpesupp(Xz) wesupp(W)

forj=1,...,J,andk=1,...,K, then

J K
o 1nl/? <E|:Z AjPy j(X2) + ZBan,k(W)j|

j=1 k=1

J K
- E[Z AjPn j(X2) + ZBan,k(W):D 4 N(O, 1).

j=1 k=1

Proor. Apply Lemma 9 in Schennach (2004a) and the Lindeberg—Feller central limit
theorem. O

LemMA B.4. Let the conditions of Lemma 4.1 hold. (i) Then forV € {1, Y} and foreach A €
{0, ..., A}, (x,w) e supp(X, W), and h > 0, E[Ly \(x,w; h)] =0, and if Assumption 4.2
also holds, then

E[(Ly (G ws )] ="y (x, w3 ),
where
Qp A (6, w5 hy) = E[(Ly, 0 (X, w, by V, X1, Xa, W))’]

is finite. Furthermore, if Assumption 4.1 holds, then

sup Qy \(x, w; hy)
(x,w)esupp(X,W)

_1\0 _ _ _1\V
= O(max{(hml) i hznl}(hlnl)w’L exp(ar, (hlnl) )
with ap, = agly,=vy) — @0, vL =vo, YA, =1+ 7vp —ve + A, and 8, =1+ y;. We also have

sup |Ly A (x, w; hy)|
(x,w)esupp(X, W)

= 0p(n~ 12 (max{ (7)), kg, }) ()™ explan (h7,)™)).

(ii) If Assumptions 4.3 and 4.4 also hold, and if for V € {1, Y} and for each A € {0, ..., A},
(x, w) € supp(X, W), Oy \(x, w; hy,) > 0 for all n sufficiently large, then

n2(Qy 0oy ws b)) Ly 2 Gy w3 )~ N(O, 1),

Proor. (i) Itfollowsthat E[Ly ) (x,w, h)] = 0 by the definition of Lj/ ) (x, w, k). Assump-
tion 4.2 guarantees that Ly ) (x, w, k) has a finite variance so that

E[(Lv.a(x,w, )] = E[(E[ty.r(x, w, i V, X1, X2, W)])7] = 01 Qy a(x, w, ).
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Because Ly, ) (x, w, h) = gy A(x, w, h) — g A (x, w, h1), we have by Minkowski inequality
that

Oy \(x,w, h)

= nE[(gv.2(x, w, ) — gyr(x, w, hp))’]
=E[(f Wy a1 (L x,w, h)n'/286,(0) dg
+ / Wy rx, (£ x, w, h)n" 280, (£)d¢

+ / By p o (£ 2w, b)) 2830 (¢, w) d¢
R 2
+ / Yy afi (Lo X, w, hl)n1/26fw<w>d§> }

12
< H//‘M/,A,l(f,x, w, h)E[n861(0)66 (6] (¥ a.1(€, x, w, h1))Td§d§}

+ {//‘PV,A,Xl({,x,w, h1)

1/2
x E[ndbx, ()86% (6)](Wv.r.x, (£ x,w, hy))' d¢ df}

+{h22\//1PV,)\,XV(§7x’ w, hl)

x E [n (wesigg(w) ha2dxv (¢, w)) (wesilgg(w) had31, (&, w))]

+ 1/2
X (W xp (& x,w, hp))' dgdg}

+{h2_2//‘l’l/,,\,fw(§,x’w>h1)

£ [” <wesil;E(W) hzafW (w)> <wesil;E(W) hZSfW(w)>:|

1/242
s (W fiy (& X, hl))*dgdg} } .
Note that by Assumption 4.2,
E[n86,(0)86](&)] = E[n(81() — 01(0) (6] (¢) — 6](£)]
= E[(e"*** = 01(0) (e7*%> — 6](0))]

= E[e 9% — 01(0)6](6) — 01()0] () + 01007 (&)
= 01({ = &) — 01D (=),
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so that
|E[n361(0)807(&)]| = [01(L = &) = 0:1(D)01(=9)]
< E[|e" 00 ]+ E[|e 2 JEfle T2 ] < 1;
E[nd0x,()86% (£)] = E[n(bx,(0) — 0x,(D) (0%, (&) — 0% (£)]
= E[(X1e"%2 — 0x,(0)) (X1e7%2 = 0], (8))]
= E[X1X1"79%2] — 0y, ()05 (&),
so that
|E[n80x, (080} ()] = |E[X1X1e"E79%2] — 0, ()0} ()]
< E[1,.2, |05 ] 4 E[1Xy1[e 2 ]E[1X3 ] [e~ 2]
<E[1X1X:1|]+ E[IX1]E[1X11] = 1

EI:” <wesflllj;g(W) h2dk (L w)) (wesilsg(W) hZS)A(JIr/(é/’ w))]

- E[n(wesigg(w) o (&) = xv (&, w))

x (sup ha(3R] (6 w) — xj (& w))]
wesupp(W)

- E[ sup o (Ve X2k, (W —w) — xp (¢, w))
wesupp(W)

X sup hz(Ve_ingkhz(W —w) — X}r/(f, w))],
wesupp(W)

so that

E[(, o motvtw)( s okl w)]

. 2
§E[|V|2\e’(§_§)X2\ sup hzkhz(W—w)‘ ]

wesupp(W)
+3E[W1[e 2| sup  hokn, (W —w)]
wesupp(W)
xE[|V||e*i§X2| sup hzkhz(W—w)H
wesupp(W)
<1

2

where the last line is obtained by Assumption 4.2 and the fact that

h : 1 -
sup  |hokp,(w)| = sup ’ﬁfx(hzg)e’iwdg 5%/|K(§)|d§51.

wesupp(W) wesupp(W)
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Finally,
EI:” (wesil;E(W) hZSfW (w)) (wesfllpl)g(W) hZSfW(w)>:|
= E[”(WGSTQIS(W) (o (w) = fr(w)) <wesi‘$£’<w> (o w) = fww))) |
- E[( sup Iy (kpy (W —w) — E[kp, (W — w)])>
wesupp(W)
X ( sup  hy(kp,(W —w) — E[kp,(W — w)]))],
wesupp(W)
so that

)E [n <wesil;l)g(W) hzéfw(w)) (wesigg(w) hzﬁfw(w))] ‘

2
SE[ sup hgkhz(W—w)H
wesupp(W)
+E[ sup hzkhz(W—w)HE[ sup hzkhz(W—w)H
wesupp(W) wesupp(W)
<1.
Thus we have
Oy a(x, w, h)

ﬁ( Z /|WV,A,A(§,X,W,h1)|d§

A=1,X;

2
wnt Y |WV,A,B<z,x,w,h1>|d§)
B=XV7fW
2

5( > fw;A,A(z,hodHh;l > /W;A,B@,hl)dé)

A=1,X; B=xv,fw

2
= (¥ (),
where, for 4 € {1, X1, xv, fw},
Wy 4 h) = sup Py a(d X, w, by

(x,w)esupp(X,W)

AGESD SN R AN NTET D S R ALY

A=tL.X) A={xv.fw}
= O(max{(1+ h;l)ylH, hgl}(l + h;1)7¢+/\—79+1

X exp<(a¢1{V9=V¢} - a9)(h;1)yg))'
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It follows that

sup Oy a(x,w, h)
(x,w)esupp(X,W)

= O(max{ (") 1y} ()™ exp(a (7)),

with @y = aglpy=vy) — @9, VL =vo, A L=1+7v4 —ve+ A, and 6, =y + 1.
To show uniform convergence, we write

sup |8v.a(x, w, h) — gy a(x, w, )|
(x,w)esupp(X,W)

= sup ‘/[%/,A,l({,x’ w, h1)(E[ei§X2] —E[eiUfZ])
(x,w)esupp(X,W)

+ Wy x, (4 x, w, h) (E[Xqe4%2] — E[ X4 e'4%2))
+ Wy (G x,w, B (E[V e X2k, W —w)] — E[V el X2k, (W — w)))

+ Wyafy (& X, w, h) (E[kpy (W — w)] — E[kp, (W —w)])] d¢

B /[‘Ifj’m(g, hp)|E[%2] — E[/4%]|
+ W x, (G )| E[X1€%2] — E[ X472

+hyE hl)( sup  |E[VelsX2nyk;, (W —w)]
7 wesupp(W)

— E[V e ok, W —w)]|)

+h W 6o ( sup  [E[hokn, (W —w)]
wesupp(W)

— E[hokp, (W — w)]y)] de,

17

where the integrals are finite since |E[¢/¢¥2] — E[e¥X2]] < 1, |E[Xei¢X2] — E[ X ei¢X2]) <
1, supcsuppwy |ELV X2 ok, (W — w)] — EVe ™ hyky,(W — w)]| < 1, and

SUPyesupp (W) |E[hokp, (W — w)] — E[hky,(W — w)]| < 1, and since Lemma B.2 implies

that 11’;’ 4 (h) < co. Then we have

E[ sup |8y A (x, w, h) _gV,)\(xywshl)”
(x,w)esupp(X,W)

= /‘[q’;,,\,l(f, h)E{(|E[¢%2 — E[14%2]])%) %)
+ W, (G ADE{([E[X0 X2 — E[X e ]] )2

+hy hl)E{<

sup (E[Ve’ZXthkhz(W —w)
wesupp(W)
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. 24172
— E[veansk,w —w])|)

sup (E[hgkhz(W —w)

hE (L hE
2 VA fw {< wesupp(W)

20172
— E[mak,w —w])[) "} ] ¢

< [ #5005 — £ )2
Wy, (G D [T E (X e — (X e8] P))

+ L, [ E(

sup (Ve‘Zthzkhz(W —w)
wesupp(W)

. 2\ 1/2
— E[V ek, —w)])| )] !

+h W G T E(| sup  (hoki, (W —w)
7 wesupp(W)

— E[hakp, (W — w)])‘z) }1/2: d¢

5n_1/2( > /W{A)A(f,hﬂd{‘f‘hz_l ) /W;,/\,A(g’hl)d§>

A={1,X} A={xv,fw}

:n’l/zll’;’/\(h),

where ¥/ (h) = O(max{(1 + A7 )" By (1 + Ay HYe A=Y+ exp((ag Lpgmvy) — o) X
(hl_1 )"%)). Markov’s inequality then gives

sup ‘LV,)\(X’ wah)’
(x,w)esupp(X, W)

=0, (n~ 2 (max{(1+ A7) A1) (1 4 Ay 7e AT

X eXp((a¢1{Va=V¢} - at‘))(hl_l)w))‘

(ii) To show asymptotic normality, for fixed x and w, we apply Lemma B.3 to

2 2
S AP (X)) + Y BeQui (W)

j=1 k=1

E/WV’“@’x’w’h1)(€lzxz)d5+/‘I’V,A,Xl(é,x,w,h1)(X16i§X2)d§
+ / Yy (&% w, ) (Ve X2k, (W — w)) d{

4 / By g (£ 32w, 1) (kg W — w))
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with

Py i(x2) = / Va1 (4 x,w, hy)e2 dg,

Pyo(x2) = / Yy ax, (& x,w, hy)e'**2 dg,

001 = [ Wi (&, )Xok 0 = ) d,

Ona() = f Wy n gy (£ 6, 0, B (10— w) d¢

corresponding to A4y =1, A, = X1, By =V, and B; = 1, respectively. We assume
that inf,. y 2y A(x,w, h) > 0, and the imposed conditions ensure that for some fi-
nite N, sup,. y v r(x,w, h) = sup,. y var[ly r(x,w, h,; V, X1, X2)] < oo. We need to
verify that max{sup,, cqupp(xy) [PxsPr.j(X2)]s SUPgesuppwy 1D On ik (W)} = O(n3/P=1) for
j=1,2and k =1, 2. To do this, we use Lemma B.2. For j =1, 2,

sup  |Dx,Pnj(x2)| =  sup

[ v ex w e ag
xpesupp(Xs) xpesupp(Xs)

i
< s [ x| dg
(x,w)esupp(X,W)J0

]’l71
<h—1/ "t (2 k) de
=" fo S WALERS!

<(1+ sznl)w’J”\ﬂ'_’/"Jr3 exp((ag Lpg=ry) — ao)(hfl)ve)-

n

By Assumption 4.4, if vy # 0, we have hl_n1 = O((Inn)/7#=7) for some 1 > 0. Thus we have
forj=1,2,

sup |DxZP,,,j(x2)|
x€supp(X?)

<(1+(n n)l/”‘*_*’)W/"’Jr)‘%“_w+3 exp((aglipy=ry) — ag)((In n)l/”"_”)y”).
Because the right-hand side grows more slowly than any power of », we certainly have

sup |DX2Pn,j(x2)| = O(n(3/2)*n)
Xxpesupp(Xy)

for j =1, 2.If vg =0, we have &}, = O(n~"n®/2/@e+2+71=%0+3)) for some 1 > 0. Thus we
have

SUp | Dy P jx2)| < (14 n /2 et i myut )y vor Aty
xpesupp(Xz)

= O(n®).
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Because the Fourier transform of D}k, (x) is (—i{)*k(h1{), we have

h)x-i—l

e f (—iO k(M Oe " d¢
a

D 0] = |

| -
52—/ 1EM k()| dE < oo
mJ

Therefore, we get

sup | D Qn,1 ()|
wesupp(W)

= sup Dw/‘I’V,/\,XV(Lx,w,h1)€i§x2kh2(ﬁ1—w)d5‘

wesupp(W)
=2 [, e
= O((l + hgl)z(l + h;])y¢+)\_y0+l eXp((aqgl{Ve:,,(b} — ae)(h;])ve)).

By Assumption 4.4, if vy # 0, we have hl_n1 =O((Inn)/*o=") and h5,' = O(n'/4=") for some
1 > 0. Then

i D30n1] < (1 a4 (1 e

wesupp(W)
x exp((atg Luy=n,) — a9) ((Inm)/*077)")
< nl/Zpl=n o pG/2-m,
If vy =0, we have

hl_nl = O(n—nn(3/2)/(7¢+)\+71—Y9+3))

and

hz_l — O(n((71+2)/2)(3/2)/(7¢ +A+71 *79+3))
n

for some 1 > 0. Then

sup  [Dy Q1 ()]
wesupp(W)

<(1+ n((w+2)/2)(3/2)/(7¢+)\+71*70+3))2
% (1 + n*nn(3/2)/(7¢+)‘+71*76+3))7¢+)‘_70+1
< nMHTDG/D/ (g +A+Y1=Y6+3) =15 (Yo +A=yo+DG/D) /(e +A+y1—ve+3) — 3/2)—n
Thus, the bandwidth sequences in Assumption 4.4 guarantee that

sup  |DyQp,1 ()| = 0(,1(3/2)_,,)‘
wesupp(W)
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Similarly,

sup  |DgQn2(W)| =  sup
wesupp(W) wesupp(W)

Dﬁ}f 1-[,V,)\,fw(gy X, w, hl)khz(lb - U)) dg

<ny? [, G ag
—1\2 — 1 —1\¥
= O((1+hy ") (14 1y ) exp((arg (1)),
Because supgcsupp ) 1D Qn,2(W)| = SUPgequppwy [PwQn,1(W)], the result follows. O

LEMMA B.5. Let A and X be random variables satisfying E[| A|*] < co and E[| A||X>|] <
oo, and let {A;, X; ;}i=1,...n be a corresponding IID sample. Then for any u, U > 0, and
e>0,

sup  |E[Aexp(ilX2)] — E[Aexp(i{X2)]| = O, (n~1/*Fe).
le[-Un*,Un*)

Proor. The result immediately follows by Lemma 6 in Schennach (2004b). O

LeEMMA B.6. (i) Suppose the conditions of Lemma B.4 hold, together with Assumptions
4.5and 4.6. ThenforV € {1,Y},each A € {0, ..., A}, and some e > 0,

sup |Ry A (x, w; hy)|
(x,w)esupp(X,W)

— ef1.—1\3 /7 — - —1\¥
=O0p(nV2*¢(hy, ) (k7)) " exp(—aq(hy,)™))
x 0 (n™ 1 (max{ ()" I, ) ()™ explaes () ™)
(ii) If Assumption 4.7 holds in place of Assumption 4.4, then for V € {1, Y} and each \ €
{0,..., 4},

sup |Ry A (x, w; hy)|
(x,w)esupp(X, W)

_ _1\0 _ _ _1\V
=op(n l/z(max{(hml) L’hznl})(hlnl)wi eXp(aL(hlnl) ).
ProoOF. By substituting eqgs. (S2)-(S5) into

gV,)\(xa w, h) - gV,)\(x’ w, hl)

1/ 0 . [éy(g,u» </§iéxl(§) >
= — [ (=) k(h1 Q) exp(—idx)| —~2—¢ ————d¢
2q ) IO ISR T ST P ) T o

(g w) </4iexl<§)d )]d
MG ERAY S A

and removing the terms linear in 8@1(5), 89;(1({), Sxy (¢, w), and SfW(w), we obtain
the nonlinear remainder term such that Ry ) (x, w, h) = gy A(x, w, h) — gy a(x, w, h) =
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Y22 R;, where

1
= / (=) k(h1 ) exp(—igx)qy (£ w)q1 (w)

ar
_ ¢ ?
xexp(Qxl(é))GXP(5QX1(§))(fO "551%(5)615) ¢,
1 A
Ry = E/(_ii)AK(hlé)eXP(—igx)5QV(§, w)q1(w)
_ ¢ 2
x exp(Qx, (1)) exp(5Qx1(§))<[O iSQXl(f)df) dg,
1 A
Ry= 1~ /(—ig)’\K(hlg“) exp(—i{x)qy (£, w)dq1(w)
_ ¢ ?
xexp(QX1<§>)exp(8Qx1<é>)( fo iﬁ@xl<§>d§) d¢,
1 A N
Ri= - f (—iO) k(h1 8) exp(—ilx)8qy (¢, w)G1 (w)
_ ¢ 2
x eXp(QXl(f))exp<5QX1(§))< /0 iéémf)df) d,
1
Rs = 2 /(_if)'\K(hlé) exp(—i{x)qy ({, w)qi(w)
¢
x exp(Qx, (1) /0 i62x, (&) dEde,
1
Re=5_ / (=i k(h1 ) exp(=i&x)dqy (¢, w)qi (w)
4
x exp(Qux, ({)) /O i82qx,(£)ded,
1 A
Ri=5 / (—i)* k(h1 ) exp(—iLx)qy (£, w)8G (w)
4
x exp(Qx, (1) fo i82x, (&) dEde,
1
Rs=5. / (=10 k(h10) exp(=iLx)8qy (£, w) 841 (w)
4
x exp(Qx, (1)) /0 i624x,(6)dg d,

1 A
Rg = E_/(_lf))‘K(th)eXP(—ié'x)516]V(§, w)q1(w)

4
xexp(0n(0) [ 9103, (6 dt
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Rio = 5 [ (<107 () exp(—ign)82dy (6 ) (w
x exp(Qx, (0) /O 1w, (5 dE L,
Ry = %/(—lZ)’\K(theXp(—iix)CIV(L w)&1q1 (w)
<exp(Qx, () | 51016 ded,
Ro=s5- [ eyt gy exp(-icx)oa & i
x exp(Qx, (0)) /0 14w, (5 dE 2,
Ry3= % f (—i0) k(1) exp(—i£x) 824y (£, w) 8141 (w)
x exp(Qx, ({)) /0 gz'é31£zx1<§)d§d§,
Ryy= % f (—i)*k(h10) exp(—iZx)qy (¢, w) 82§41 (w)
< exp(0, () | 10w, (5) dE 2,
Ris= % / (i) k(h1 ) exp(—iLx)81Gy (£, w)8241 (w)
x exp(Qx, ({)) /J gi&c}xlos) dédg,
Rig= % /(—i{))‘K(h1§)eXp(—ié)C)BzéV((, w)82q1 (w)
x exp(Qx, (1)) fo gi‘élé;q(g)clgclz,
Ri7= % / (i) k(h1 ) exp(—ilx)82Gy (£, w)q1 (w) exp(Qx, (1)) d{,
Rig= % /(—i{))‘K(hlé')eXp(—i§X)5151V(§, w)8141(w) exp(Qx, ({)) d¢,
Ry = % / (i) k(h1 ) exp(—ilx)82Gy (, w)8141 (w) exp(Qx, ({)) d¢,
Ry = % / (—i) k(1) exp(—iLx)qy (£, w)8241 (w) exp(Qx, ({)) d¢.,

1
Ry = 2—/(—i§)’\i<(h1§)eXp(—i§X)3151V(§, w) 8241 (w) exp(Qx, ({)) d¢,

v

23
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1 . . N N
Roa = 5 [ (=100 ) exp(~i£0)82 (2, w)dai () xp (@, (0)) di.

Because E[Y?] < co by Assumption 4.2 and E[|Y X;|] < oo by Assumption 4.5, Lem-
ma B.5 gives that for any € > 0,

sup sup  |xv (& w) — x4 w)|

wesupp(W) le[— hl_nl’hln ]

= sup sup |E[Vkp,, (W — w) exp(i{ X2)]
wesuPp(W) fel= hlrz > lrz ]
— E[Vkp,, (W —w)exp(ilX2)]|
=h2_nl sup  |hankp,, (W —w)|
wesupp(W)

X sup  |E[Vexp(i¢X2)] — E[V exp(ilX2)]
{e[~Unt,Unv]

= Op(hgrg ”_1/2+€)~
We define Y'(4,) and i)n as

Y(h) = (1+ hg,})( sup  |D;In ¢1(g)|)
Lel—hy, by,

x (maX[ SUP sup | xv (& w) sup  [61(0)] })
rel—h7] ]wesupp(W) é“e[ hln’ 1nl]

=0((1+hy, )(1 + )" exp(—a(hy,)")),

1n

®,=m [ sup  [61(0) sup |0, (0) — 0x, ()],
rel—hy) gel—hyy i)l
sup sup [ (Gw) —xrGw),  sup | fip(w) = f ()

wesupp(W) re[— hy, lh wesupp(W)

ln]

—OP(h 1 —1/2+6)

for any € > 0. Note that the suprema associated with { can be taken over [— hl,1 , Ml],
since x(h1,{) vanishes outside the interval by Assumption 3.6. The second order of mag-
nitude follows from Lemma B.5 and Assumption 4.6, since A5, 'n~!/>*€ = hz_nl/ =12 (ne x
hz_nl/z) > hz_nl/zn‘l/z(ln n)Y/2 + h3 for any choices of h,, from Assumption 4.4 and 4.7.
Then the terms in the nonlinear remainder can be bounded in terms of 11’;’ A(hn), Y (hy),
and ®,,. We note that

. -1 -1
b, x (max{ sup sup |xv(Lw)| ,  sup  [61(0)] })
¢el—hy, by, 1wesuppOv) cel—hy,) b1

<®,Y (hy)
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= O0p (g ™" F2)O((1+ g, ) (1+ ) 7" exp(—ao (h7,))™)
=o0,(1).

We now find upper bounds for each term, R;, i =1, ..., 22. Because all other terms are
also bounded by the upper bound for R, we focus on the bound for R;.

sup IR
(x,w)esupp(X, W)

< sup /|§|A|K<h1§)||qv<§,w)||q1<w>|
wesupp(W) J0

_ ¢ 2
« exp(Qux, (£)) exp(|6QX1<z>|)( /0 184x,(8)| dg) d¢

ﬁexp(op(l))fo |§|A!K(h1§)!( sup \cbV(z,w)!)

wesupp(W)

£\ (86x,(8) exl<§>aél<§>> ( 66%(5))‘1
— 1+ d
X/o ( 01(&) (01(6))2 01(8) ¢
£\ (80x,(£) 0X1(§)6él(§>> ( 661(@)1
— 1 déd
X/o ( 01(6) (01(6))2 TS ¢di

< exp(o, ()Y B[+ 00| 7 [ 7121 ki)

(oo |9X1(§)|>
, déd
8 (wesi‘$§<w>|¢V“ “’)D/o (|01<5>| G A

=exp(0p(1))Y(h)<f)%|1+0p(1)|_2/0 (/f LM k()]

1 |0X1<§>|>
, d + d
) (wesi‘?ﬁ(m"b”g wl) §><|61<§>| oor )%

=0,()Y(WDLW} , (h)
< Y(DEWS , (h).
When the conditions of Lemma B.4 hold, we get the bound needed for part (i):

sup Ry = Op((hy ") ()" 7" exp(—an(hy ")) (hy ") n 2
(x,w)esupp(X,W)

x (max{(h"), k3 ') (A1) ™" exp(ar (h7")™)).

To get the bound for Ry ) (x, w, h,) when Assumption 4.7 holds in place of Assump-
tion 4.4 in the conditions of Lemma B.4, we note that

Y2, () = (Y (D' /) 2w (h),

V(= 0™ max () B ) () explan (7)),
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where the second equality is obtained using Lemma B.2. Now we show that Y(h,,)(ﬁ%, X
n'/2 = 0,(1). When vy # 0, we have h}! = O((Inn)"/*~") and h;! = O(n'/*~") by As-
sumption 4.7, so that

Y (hy)®2n'/?
=Y (hn)Op(h52n~ T2 n!/2
= 0p((1+ 1)) (L A7) exp(—aa (7)) 122%)
= 0p((1+n"071)> (14 () /7o) " exp(—ap(inn) ' =170)n~1/242¢)
= 0, (n"/2731(In ) 1/P= D=0 exp(— g (In ) =10 ) = 1/2+2€)
= Op(exp[(1/2—3n —1/2+2€)Inn
+ (1/vg — M) (71 — vo) In(Inn) — ap(lnn)! =7])
=op(1),

where the last equality follows because Inz dominates (Inn)'~7"¢ and In(Inn), and be-
cause 1/2 — 31 — 1/2 + 2e < 0 by selecting n > 2¢/3. When vy = 0, we have h1_nl =
O(n~"n!/4=14%)) and hy ! = O(n'/7-"), so that

Y (hp) 212 = Y ()0, (hy2n~ %) n!/2
= OP((l + h;r:)3(1 T hfrl])71—79n_1/2+2€)
= Op((n1/7—n)3(n—nnl/(14y1—1470))71—y9n_1/2+26)

< Op (n—4n+25)

=0)( )]
by selecting n > €/2. One can show that the bounds for the remaining terms contain the
same leading term, Y (h)d? 11’;, ,(h). We thus omit them for brevity. O

ProOF OoF THEOREM 4.2. Combining Lemma B.1, Lemma B.4 and Lemma B.6(ii) imme-
diately yields the result. O

Proor or THEOREM 4.3. Because the bias and the remainder term will never
dominate the variance term by Assumption 4.8, the result immediately follows by Lem-
ma B.4, Lemma B.6(i) and the fact that gy \(x, w, h,) — gy A (x, w) = By \(x, w, h1,) +
Ly y(x,w, hy) + Ry A(x, w, hy). O

ProOOF oF THEOREM 4.4. From a first-order Taylor expansion of ﬁ(x, w, hy,) — B(x, w)
in gV,/\(-xa w, h}’l) - gV,)\(xa w)r we get
B(x, w, hy) — B(x, w)
= > syaxw)(@ratx,w, ) — gy a(x, w)) (S6)

Ve{l,Y}A=0,1

+ RV,)L(gV,)\(xa ws h'l’l), (gV,)L(x7 wa hl’l) - gV,/\(xs w)>)7
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where Ry )\ (gy.a(x, w, hy), (Gva(x, w, hy) — g a(x, w))) is a remainder term in which
gva(x,w, hy) lies between gy a(x,w,h,) and gy .(x,w) for each (x,w,h,), and
sy, (x, w) is given in front of the theorem.

We note that by Theorem 4.2,

max max  sup  |gya(x,w, hy) — gra(x, w)| =O0p(en),
Ve(l,YIA=0,1 (x wye(X, W)

on= ()" explas(hy,)”)
2 (max| ()" iy 1) () explas (b))

1n 1n

— 0.

The first terms in the Taylor expansion of ,é(x, w, hy) — B(x, w) can be shown to
be Op(an/7,31) uniformly for (x,w) € I;. Each term of sy ) (x, w) consists of products
of functions of the form gy )(x,w) divided by products of at most three functions
of the form gy ¢(x, w). Because gy \(x,w) are uniformly bounded over R by assump-
tion and g o(x, w) are bounded below by 7, uniformly for (x, w) € I'; by construction,
we have that sup . e 57,1 (x, W) (& (x, w, hy) — gy (x, w)| = OO0, (7,2)0p(en) =
Op(an/Ti)- )

The remainder terms in the Taylor expansion of B(x, w, h,) — B(x, w) can be shown
to be 0, (e, /7,31) uniformly for (x, w) € I';. These terms involve a finite sum of (i) finite
products of the functions gy \(x,w, h,) for VV € {1,Y} and A =0, 1, (ii) division by a
product of at most four functions of the form g; o(x, w, h,), and (iii) pairwise products
of functions of the form gy \(x, w, hy) — gy a(x, w) for Ve {1, Y} and A =0, 1. First, the
contribution of (i) is bounded in probability uniformly for (x, w) € I'; because

1gv A (x, w, hy)| < [gra(x, w)| + [gva(x, w, hy) — g a(x, w)|
< |grax,w)|+ |gv.a(x,w, hy) — gy a(x, w)|

< |gyax, w)|

+ max max sup |gya(x,w, hy) — gy (x, w)|
V€{1,Y})\=O:1(x,w)€(X,W)

=0,(1).

Second, the contribution of (ii) is bounded as well. We note that for (x, w) € I,

gl,o(xa w, hn) - g1,O(X, 'LU))
81,0(x, w)

= fxw (x| w)(l + 0”(%))'

By selecting {r,} such that 7, > 0, 7, — 0 as n — oo, and &,/7) — 0, we also have
&n/m — 0. Thus, we get

g10(x, w, hy) = g1,0(x, w)<1 +

g1,00x, w, hy) = fxyw (x | w) (14 0,(1)) = 7,/2
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with probability approaching 1 since fxw(x | w) > 7, for (x, w) € I’- by construction.
Therefore, we have that the contribution of (ii) is gl’é(x, w, hy) = Op(T;“). Finally, the
contribution of (iii) is O, (&2). Putting all together gives

Ry A (8va(x, w, hy), (8va(x, w, hy) — g a(x, w)))

— 0,10, (7;4)0p (62) = Op(Sn)0p<@) — 0p(8—n>7

so that

sup |B(xﬂ w, hn) - B(xa 'LU)| = Op(%) + 0p<%) = Op(l).

(x,w)el n n

O

Proor oF THEOREM 4.5. We have established the asymptotic normality of gy ,(x,
w, hy) — g a(x, w) in Theorem 4.3 and we have the Taylor expansion in eq. (S6). Thus,
the result is immediate from the delta method. O

APPENDIX C: ASYMPTOTIC PROPERTIES OF WEIGHTED AVERAGES EFFECTS

This appendix provides asymptotic properties of functionals of the general form gy, (x,
w; h) in Section C.1 and of functionals of covariate-conditioned average marginal effects
B(x, w; h) in Section C.2, which covers various forms of treatment effects. Section C.3
establishes their mathematical proofs.

C.1 Asymptotics for functionals of the general form

In addition to structurally identified B(x, w), we are interested in weighted averages of
B(x,w) such as

Bm(x)E/B(x, w)m(w) dw,

= [ [ Boxwwinte,w) dwas.

Bumfy (X) = / B(x, w)ym(w) fw (w) dw,
BWW|XE//B(X,w)ﬁ1(X, w) fwx (w | x)dwdx,
Bunfyyx (X) = / B(x, wym(w) fwx (w | x) dw,

Biinfu x E/[B(x,w)ﬁi(x,w)fw,x(w, x)dwdx,

where m(-) and m(-,-) are user-supplied weight functions, and where fy, fyx, and
fw, x are the marginal density of W, conditional density of W given X, and joint den-
sity of W and X, respectively. When m(w) = 1, for instance, ,,, (x) is analogous to the
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derivative of the average structural function of Blundell and Powell (2004) and the aver-
age treatment effect of Florens, Heckman, Meghir, and Vytlacil (2008). When m(w) =1,
Bmfy x (x) corresponds to the local average response of Altonji and Matzkin (2005) and
the effect of treatment on the treated (Florens, Heckman, Meghir, and Vytlacil (2008)).
When m(x, w) = m(w), By, is the weighted average of the local average response (Al-
tonji and Matzkin (2005)).

To cover the above cases in a common framework, we consider general function-
als b of J-vectors g, = (gy;, A, (X, ), ..., 81,0, (X, ) and g = (gy;, A, - - - » 814,),) With finite
J, and we establish the asymptotic properties of b(g.(h)) —b(gx) = b((gy; 2, (X, -, ), ...,
8via (X, 1)) —b((8r, 0, (X5 ), .o, 81,0, (%, ) and b(g(h)) —b(g) = b((&wy,0, (- h), ...,
vy, (1)) —b((gvi,aps -+ - 8V7.0,))- The first of the following theorems is relevant to es-
timating B, (x), B, (¥), and Bmfy,x (¥). Because the weighted average of coordinates
of g, is taken only over w, functionals of g, obtain a rate between /n and that obtained
in Theorem 4.2. It is not easy to use a functional delta method to obtain asymptotic nor-
mality of the functional, because we need to show tightness of integrands by introduc-
ing trimming of the tails of characteristic functions in the theorem. We therefore leave
formal treatment of asymptotic normality results to future research. The second theo-
rem is useful for estimating B, By v, and By, , and delivers J/n consistency and
asymptotic normality results for the weighted averages of interest. Because it involves a
weighted average over both x and w, it achieves the standard parametric rate of conver-
gence. Each theorem relies on the existence of an asymptotically linear representation
of the functional b.

AssumpTioN C.1. Suppose that for each x € supp(X), the real-valued functional b(-)

satisfies, for any gx = (8v;,r, (X, ), ..., 8.2, (X, ) in an Ly, neighborhood of the J -vector
8x = (ng,/\] (xa ')’ LR gV],)\j(xs ))’

J
b(gx) - b(gx) = Z/(gl/jr)‘j(x’ w) _ng,/\j(x’ U)))Sj(x, 'LU) dw
j=1

J (S7)
+ 3018V, 0. ) = 80,2 ) |2)
j=1
for some real-valued functions sj, j=1,...,J.

This assumption states Fréchet differentiability of b(g,) with respect to g, in the
norm [|gy;,», (x, ) ||C2>O, where the derivative is s;(x, w). To obtain a faster rate for function-
als of g, than that for gy )(x, w), we first impose a bound on the tail behavior of the
Fourier transforms involved, as in Assumption 4.1.

AssuMPTION C.2. For each x € supp(X), the functional derivatives s;, defined in As-
sumption C.1, are such that SUP yesupp(X) [ Isj(x, w)|dw < oo. Also, for V € {1, Y}, there
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exist constants Cys > 0, ags <0, vgs = vy = 0, and yys € R such that vysyes > 0 and if
Vps =V = 0, Yo = Yos» and

sup Vcbv(s’, w)sj(x, w) dw| < Cos(141£1)7 exp(ags|]’*),
xesupp(X)

and in addition if ags =0, then ygs < —A — 1 for given A € {0, ..., A}.

The assumption above formalizes the intuition that averaging a quantity typically
improves the convergence rate. It is natural to assume vy > vy and if vy =vg =0, y4 >
Y45, because, for some nonzero constant C, we have

sup [ (&,w)| = C( sup |¢v<§,w>|( sup Vs(x w)de

wesupp(W) wesupp(W) xesupp(X)

> sup ’/ dv (L, w)s(x, w) dw‘.
xesupp(X)

Observe, however, that the inequality above can hold even when vy, < vy oOr vy <
Y45, because both bounds on SUPyesuppw) [PV (£, W and on SUP yesupp(X) | [ v (L, w) x
s(x, w) dw| given in Assumptions 4.1(ii) and C.2, respectively, are upper bounds. Thus, a
faster convergence rate due to averaging over W is not a necessary result.

We next impose minimum convergence rates in a high-level form for conciseness,
since primitive conditions can be obtained via Lemmas B.1, B.4, and B.6.

AssumpTiON C.3. The bandwidth sequence h,, — 0 as n — oo such that for all A €
{0, ..., A}, we have (i) if vgs = vy > 0 01 v, = v¢s for vgs =v¢y =0,

sup | By (x, w; hip)| = o(aiy,),
(x,w)esupp(X,W)

sup |LV7,\(X,UJ§ hn)| :01)(&}{1 )’
(x,w)esupp(X, W)

and

sup  [Rya(x,wi hn)| = 0p(an),
(x,w)esupp(X,W)
where ai, = (h;H"8exp(ag(h;)®) + n=V2(max{(hy)%, k') (hpH" L explar, x
(h, )”L) and where ap, VB, YA,B» ®L, VL, YA,L, and 81, are as defined in Lemmas B.1
andB 4.

(ii) If vgs > v >0 0r vy > y¢s fOr v =19 = ?,Zsup(x,w)esupp(X,W) |By A (x, w; hip)| =
0(a2n), SUP(x, wyesupp(x,w) 1LV, A (X, w; hp)| = op(azﬁ ), And sup . ) esupp(x,w) 1RV, A (X, w;
hw)l = op(azy), where oy, = (h}))"Bsexp(apg(h;)s) + n~Y2(max{(hy,)%,
hy D (h ) INEs explay s (hy, )7Es), and where apy = ad,sg 9, VB = Vs, YaBs = Yobs +
A+ 1 ap s = apslpyvg) — Aolpy<vg)r VL,s = max{ve, vesh Ya,L,s =1+ vps — vo + A, and
oLs=1+vy1.
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We now establish a faster convergence rate for functionals of g, than that for
gv.a(x, w), which is useful for analyzing 8,,,(x), B, (x), and Bnfyx (%)

THEOREM C.1. Forgiven A,J e N, let A1, ..., A; belongto{0,..., A}, letVy, ...,V belong
to {1, Y}, and suppose that the conditions of Theorem 4.2 and Assumption C.2 hold. In ad-
dition, suppose that Assumption C.1 holds with s; such that sup,cqpp(x) J 15;(x, w)| dw <
oo, and let §x(hy) = (8 A, (X, 3 hn)s ooy 81y 0, (X, 5 Bn)).

() IfAssumption C.3(i) holds, then

sup  [b(gx(hn)) — b(gx)]
xesupp(X)

= O((ky,)™" exp(ap(hy,)™))
+ 0p (2 (max{ () 1y, ) ()™ expla (h,)™)).
(i) If Assumption C.3(ii) holds, then

sup |b(§x(hn)) _b(gx)|
xesupp(X)

= O((h,)™* explan. (1))
+0por P {max|(0,1) " ) 0™ explee o (3)))).

1n 1n 1n
We impose conditions on the minimum convergence rates for the next theorem in
a high-level form, which can be readily verified in terms of more primitive conditions
using Lemmas B.1, B.4, and B.6.

AssumpTiON C.4. The bandwidth sequence h,, — 0 as n — oo such that for all \ €
{0, ..., A}, we have

sup  |Bya(x, w; hiy)| = o(n7?),
(x,w)esupp(X,W)

sup |Ly (e, ws h)| = 0p(n~ 14,
(x,w)esupp(X,W)

sup |Ry A Cx, w; )| = 0, (n7172),
(x,w)esupp(X, W)

and

sup | fw(w) = fw ()] =0, (n71/4).
wesupp(W)

This assumption is required to ensure that weighted average derivatives converge at
the parametric rate, ./n. Note that because the rate of divergence of Ly (x, w; h,) de-
pends on the smoothness of various quantities as given in Lemma B.4, its n~1/* rate may
not always be possible. Nevertheless, we can achieve the n~!/4 rate when the functional
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form of the regression model is sufficiently smooth (e.g., polynomial or exponential
functions in Taupin (2001) or, more generally, functions with rapidly decaying Fourier
transforms) or when the distribution of the measurement error exhibits a slowly decay-

ing Fourier transforms (e.g., range-restricted distributions in Hu and Ridder (2010)).
Define

where

with

J
Pyas=) / Va5 (O AL+ o, ()],
=1

1 10x, ()| /00 )
Yy a0 = 1 ! s d
V.as(8) |el(§)|( * |01<§)|> o 17 Olierde

+ |§|A(% + oV, x5 (L v, X2, W) | + v 1y (L w)|>,

Tfiy,s (W) = / hlzigo / s7+10x, Wk, (W — w) dwdx,

oy () = / exp(i{x) f s(x, W)y (&, w) dwdx,
ay SXV s S(g v, X2, 1]))

/exp(z{x) lim f s(x,w)qby({, w)vei§x2kh2(11)—w) dwdx,
xv({,w

N o 1 _
oV, fy.s(&; w)=/eXp(l§x)h121g10/WS(x,w)dw({, w)kp, (W —w) dwdx.

Also define ¢5(v, x1, x2, W) = Zf’:l Py, a;(8j3 vj, X1, X2, W) + ¢p(sy41; W), Where

with

Pya(s;v, X1, X2, W)
= [ (a1 — E[55]) + 01, (@) (1165 — E[X16452))
+ (Zv a0 (8, 0, %2, W) — E[Zy p,yy (5, 5V, X2, W)])
+ (Zvoa g (5, W) — E[Zy 0 g (5, WD)} E,

sz = [ lim [ sy (k@ - ) = [k, W = w)]) dwdx.
2—)

Yy a1,s(0)

1 i6 +o0
E—gfgi'g))z g (/ exp(—i¢x) | s(x,w>¢v<§,w)dwdx)<—i§>wg

Supplementary Material
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1 (—i)H*
27 601(0)
Yy xi,s(0)

. +00
E%@ /g ( / exp(—iéx) f s(x, w)dy (&, w)dwdx>(—i§)Ad§,

2y axv (8, £ v, X2, W)

(/ exp(—i{x)/s(x,w)qby((, w)dwdx),

= %(—ig)’\/exp(—i{x)hlzigof ms(x,w)dw({, w)
x ve't* 2k, (0 — w) dwdx,

Zy A fi (8, &5 W)

_ 1 . . 1 -
=—5 (=) /eXp( lﬁx)hlzlgoffW(w)S(x,w)¢V({,w)kh2(w w) dwdx.

The following theorem gives a convenient asymptotic normality and /n consistency
result useful for analyzing Bz, By » and By, y -

THEOREM C.2. Forgiven A,J €N, let Ay,...,A; belongto {0, ..., A}, letVy,..., V) belong
to {1, Y}, and suppose that the conditions of Theorem 4.3 and Assumption C.4 hold. De-
fine b(-, -) as a real-valued functional satisfying, for any g = (8v; A,»---,8v;,A,) inan L
neighborhood of the J-vector § = (gv;,,» - - - 8v;,r,) and for any f = fw in a neighbor-
hood of f = fw,

J
b3 = bg )= Y [ [ (@1y0,00.) = 150, w)s () duw s
=1

+//(fw(w) — fw (w))sy41(x, w) dwdx (S8)
] ~
+ > 0(18v,.0, — gy %) + O(Ilfw — fwl1%)
j=1
for some real-valued functionssj, j=1,...,J+1.1fsj issuch that [ [ |s;(x, w)| dwdx < 0o

and Wy ) s < 0o, then for §(hy) = (8v;.r, (= hn)s -+, 8130, (3 hn)) and f (hay) = Elky,, ()],
we get

b(&(hn), f(han)) = bg, f) = E[¢s(V, X1, X2, W)] + 0,(n"1/?).
Moreover,

W2 (b(8(hn), f(ha) = blg, ) ~> N (0, 2p),
where

O = E[(s(V, X1, X, W))?] < 00,



34 Song, Schennach, and White Supplementary Material

C.2 Asymptotics for weighted averages of effects

We now consider the asymptotic properties of the estimators of the weighted averages
defined in Section C.1:

Bm(x, hy) = f BCx, w; hyym(w) dw, (S9)
g‘(',hn)

Bme(x,hn)=/5w Bx, w; hy)ym(w) f(w) dw, (510)
BC.hn)

Bunfx (¢, hn) = f B w; hym(w) fx (w | ) dw
BC.hn)

. (S1D)
. 5 “h
= B(x, w; hy)m(w) 810(x, W n)fWA(w) dw,
S8 . 81.0(x, w; hy) fw (w) dw
Sﬁ(',hn)
Bilh)=| = Blx,w; hy)yi(x, w)dwdx, (512)
l%’(whn)
Binfiy x (hn) = / B, w; hy)m(x, w) fwx (w | x) dwdx
SB(‘,hn)
. (S13)
. 5 “h
= f Bxw: by, w)— SOV IO g
Shem) o 81,00x, wi B fw (w) dw
Sﬁ(',hn)
'éf;lfw,x(hn) = /x’w B(L w; hy)m(x, w)fW,X(w, x)dwdx
Satm
(S14)
=/w B(x, w; hp)m(x, w)g1,0(x, w; hy) fw (w) dwdx,
BChn)
where Sg’(_ ey = {weR: g o(x, w; hy) > 0}and Sg’(l_”h ,= {(x, w) € R%: g1 o(x, w; hy) > 0},

and where fW (w) is anonparametric estimator of the density of W. The next assumption
restricts the weight functions, m and .

AssumpTION C.5. Let M and M be bounded measurable subsets of R and R?, re-
spectively. (i) The weight functions m : R — R and m : R> — R are measurable and
supported on M and M, respectively. Additionally, (ii) inf e fxw (x | w) > 0 and
(iif) maxy e(1,yy maxy—o,1 SUP .,y 18V, (X, w)| < oo.

The next two theorems establish asymptotic properties for these estimators by ap-
plying Theorems C.1 and C.2. We first establish asymptotic results for the semiparamet-
ric functionals taking the forms of eqgs. (§9)-(S11) by applying Theorem C.1.

THEOREM C.3. Suppose the conditions of Theorem C.1 hold for A =1 and that Assump-
tion C.5 holds. Then
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)
SUp| B (x, hn) = Bim (2]
xeM

= 0(1-—3 (hlfnl)ﬁ,B,s CXp(aB,s(hfnl)VB’s))
—~n —1\0L,s o — - ,8 VI s
+Op(r =20~ (max{ ()™, g, }) ()™ explar s (7)) ™)),

(ii)
sup| Busyy (X5 i) — By (1)
xeM
=O0(r73(hy, )" exp(ap s (h1,)™))
+ 0y (302 (max| (hy,1) ™ by, ) () explar () ™)),
and
(iii)

sup \émfmx (x, hy) — Bme|X (X)\
xeM

=0(r3(hy)) " exp(ap,s(hy,) ™))
0y s O™ ) ol 05

1n

where ap s, VB.s, YA,B,s» ®L.s» VL.s» YA,L,s» and 81 s are as defined in Assumption C.3.

We now define useful notations for asymptotic normality results. Recall that ¢/ is
defined in front of Theorem C.2 in Section C.1. Let

Ypn (0, X1, X2, W)= Y Y Pwa(Priv, x1, X2, W),

Ve(l,Y} A=0,1

where P; denotes the function mapping (x, w) to m(x, w)sy,\(x, w). Let
U By (V5 X1, X2, W) = YD dwa(Prv, x1, x2, ) + 1,0(P3; 1, x4, X2, D)
Ve{l, Y} A=0,1
— 1,0(Py; 1, x1, X2, W) + P p(Ps; ),
where P,, P3, P4, and Ps denote the functions mapping (x,w) to m(x, w)fwx(w |
x)sy A (x, w), Blx, wym(x,w)fw(w)/fx(x), fsw » B(x w)m(x, w) fyrjx (w | x) dw/fx(x),
and B(x, wym(x, w) fx;w(x |w)/fx(x), respectlvely Also let
UBg, y (V> X1, X2, W) = Z Z Yy a(Pe; v, X1, X2, W)
’ Ve(l,Y} A=0,1
+1,0(P7; 1, x1, x2, W) + ¢y (Pg; ),
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where Ps, P7, and Pg denote the functions mapping (x,w) to m(x, w)fw,x(w, x) x
sy a(x, w), B(x, wym(x, w) fyw (w), and B(x, w)m(x, w) fxw (x | w), respectively.

The following theorem establishes asymptotic results for the semiparametric func-

tionals taking the forms of egs. (S12)-(S14) by straightforward application of Theo-
rem C.2.

THeOREM C.4. Suppose the conditions of Theorem C.2 hold for A = 1 and that Assump-
tion C.5 holds. Then

@
12 () (B () — Bin) ~> N(O, 1),
provided that
Qn=E[(Yp,V, X1, X2, W)) ]
(i)
”1/2(thfW|X)7l/2([§ﬁ1fW‘X(hn) — Binfwix) N N(0, 1),
provided that
Qg = E[(¥8517,,, V> X1, X2, W))] < oo;
(iii)
n2 g0 B ) = By ) > N(O, 1),
provided that

thfW,X = E[(lﬁﬁ,;,fW’X (V’ X] 5 XZ, W))z] <X

C.3 Mathematical proofs

Lemma C.5. Suppose the conditions of Lemma 4.1 hold. For each { and h = (hy, hy), and
for Ae{l, Xy, xv, fw}, let

Yy aas(&h) = sup '/‘I’V,A,A(Lx,w,h1)S(X,w)dw‘
xesupp(X)

and define

ARGESD SN R AWRITOLIS D D R AR NLs

A=({1,X1) A={xv,fw}
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If Assumption C.2 also holds, then for h > 0,
Vs () = O(max{(1 + h*l)”“, h) (1 + h*1)7¢5+’\_"9+1
x exXp((apslpyy=ve) — @01 ipys<vg)) (h] )max{w; u¢s})).
Proor. We obtain rates for each term of ‘I’J As(7). First,

Yy a1s(& )

= sup V‘I’V,A,1(§,x,w,hl)s(x,w)dw'
xesupp(X)

_ L ifx () [T, .
_xesi‘;&m‘ [(-5m i U (i) by (6w d

Py (L, w)
61(0)

- i(—iowhlz) exp(—i{x) )s(x, w) dw'
2

0 +o0
<! x1<§>2| |§|A|K<hlf>|< sup ‘/w@,w)s(x,w)dw') d
[61(D)I xesupp(X)
i )
+ 121 1§>||0 w(xesupp(x)/w(z w)s(x, w) dw
1

= m1{§|sh;1}[|Dzln¢1(§)l

!
x/l |§|A( sup Vw(éw)S(x,w)dedf
¢ xesupp(X)

/d)V(s“, w)S(x,w)dwm.

By Assumptions 4.1 and C.2, we obtain

+|§|A< sup

xesupp(X)

/ W (& hDdg

</#1
= 101(0)] {Ig1<hyYy

!
x [|D§111¢>1(§)|fg |§|)‘< sup }/ dv (&, w)s(x,w)de dé

xesupp(X)

+|§|A< sup Vw@,w)s(x,w)dw')}dz

xesupp(X)

5/(1+I{I)7W exp(—agl¢”) 1o

37
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hy!
x [(1+|§|)”/0 €111+ 1€1) 7 exp(ags| £7%) dé

+ ML +120)7 exp(ad,slé'lv"”)] dg

< (14 ") exp(—a (i )")
L4 A (14 A7 explag (1))
+ (14 k)7 exp gy (1))
= (L )T e (—ag (1)) explags (7 1)™).
Second, similarly,

V AX1, S(ga hl)

= sup ‘/‘I’V,A,Xl(Z,X,U),h1)S(X,w)dw
xesupp(X)

1 i oo .
ersiﬁgm‘ / (% e /g (—i&) k(h1 &) exp(—iéx) by (&, w)df)

x s(x, w)dw‘

!
L /g |§|A< sup V«Maw)s(x,w)dw’)dg,

< -
~161(D tel=hy ) xesupp(X)

so that

f VA X1, S({,hl)df

pl
5/ (1+|§|) CXP(—a9|§|V0)</1 |§|A(1+|§|)”’”exp(a¢s|§|”¢s)d§>dg“
0 0
< (L A2 exp(—ag (7)) explaegs (1)),
Third,

V)\ XV s(g hl)

= sup ‘/?’V,A,XV(Z,x,w,hl)S(x,w)dw‘

xesupp(X)
= sup ‘ / (—( i) (1 ) exp(—ign) 2L W) )s(x,u»dw‘
xesupp(X) xv (L, w)

1
<10M ( su ‘/¢> (z,w)s(x,w)de(. )
ta=hi\cqomrld &Y infuesuppow) [xv (£, )
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so that

ol RO

h—l
<hy! fo 1 1M+ 121) 7" exp(—aalZ1"0) (1 +1£1) 7 exp(aps| 1) d¢

< hy (1 Ry )78 exp(—aag () ) expags (7))
Finally,

Y’J’A,fw,s(&hﬂ

= sup ‘fWV,A,fW(Z,X,w,hl)S(X,w)dw‘

xesupp(X)
—  sup ‘/(——(—l{)’\x(hlg)exp(—lgx)¢V(§’ )s(x,w)dw‘
xesupp(X) f (w)

= |{|)\1{|§|5h11}( sup ‘/ ¢)V(£7 w)s(x, w) dw‘>,

xesupp(X)

so that

hy /V”w(g,hwduh / MU+ 121) explagslg]"*) d¢

<hy ( +hy )y"”+ + exp(ags(hy 1)”“”)

39

Putting the four terms together gives the desired result. O
Proor orF THEOREM C.1. (i) Since we have, by Assumption C.3(i),
max sup |&v 0 (X, w, B) — gusa; (x, w, B
j=1.00 (x,w)esupp(X,W)
= .maX Sup iBVj,)\/‘(x9 wa hln)_i_LV},)\j(x:w’ hn)+RV}',Aj(xaw’ hl’l)|
=1, J(x,w)esupp(X W)
1 1/2

=o(ai,) + 0p(a; /2 ) +oplaip) = 0P(“1;/1 ),

the remainder term in eq. (S7) is Op((aln )2) = op(ay,) by letting g 8y (x, w) = ng,)\j(x,

w, h,). We also have

(ng,Aj (x’ w, hn) - ng,)\j (xa w))s]'(x, w) dw

= Hng,)\j(x’ w, hn) - gl/}',)\j(x’ w) ||OO’

SiNCe SUP,.csupp(x) J 15j(*, w)| dw < oo. Then the result immediately follows.
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(ii) Since we have, by Assumption C.3(ii) and a similar argument in part (i),

) 1/2
_max sup |8V, (X, w, B) — gusa; (x, w, By :op(azf, )
j=1,..., J(x,w)ESUpP(X=W)

the remainder term in eq. (S7) is op((a;f)z) = op(azy) by letting gy, x; (x, w) = g »; (x,
w, h,). We have

J
Zf(évj,x_,»(x, w, hn) — g2, (X, w))si(x, w) dw
j=1
J J
=Z/Byj,,\j(x,w,hl,,)sj(x,w)dw+Z/Lyj,)\j(x,w, hn)sj(x, w) dw
j=1 j=1

J
+Z/R1/j,,\j(x,w, hn)sj(x, w) dw.
j=1
For the first term,

sup
xesupp(X)

J
> / By a;(x, w, hiy)sj(x, w) dw

j=1

J

< sup Y

/‘By/j,,\j(x, w, hiy)sj(x, w) dw‘.
xesupp(X) j=1

Note that

sup ‘/BV,)\(X, w, h1,)s(x, w) dw'
xesupp(X)

1
= sup ‘/<%/K(h1§)(—i§))‘¢l/(§, w) exp(—ifx)d{

xesupp(X)

1
-5 / (i) by (£, w) exp(—igx)dg)su, w) dw'

1 oo
< —f \(K(h1§)—1)||§|)‘< sup ‘/(!)V({,w)s(x,w)dw') d¢

T JE xesupp(X)

< /é/h 1M1+ 121)7 exp(agsl I+ d L

= O((&/ h) s A exp(ags(€/ h1)"*))
=O((hy )™ exp(ap,s(hy')™")).
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Thus, we have

sup O((ky )™ exp(ap,s(hy")™"))-

xesupp(X)

Z/BV 2 (3, w, ) sj(x, w) dw| =

For the second term,

Z/LV Aj (x, w, hyp)sj(x, w)dw

sup
xesupp(X) =1
S LVj,/\j(x> w7 hn)sj(x> w)dw'
xesupp(X)
Note that
sup ‘/Ly,,\(x,w, h,,)s(x,w)dw‘
xesupp(X)
= sup [ [ [ b (B - E[)
xesupp(X)

+ P x, (4 x,w, hl)( [Xler(z] E[X]eing])
+1[,VAXV(§ X, W, hl)( [Vel§X2kh (W w)] [Vel{szhz(W_w)])

+ Wafi (& X w, h) (E[kpy (W — w)] = E[kpy(W — w)])] d&s(x, w) dw

= /‘[IPI}L,,\,LS(Q h1)|E[ei§X2] —E[ei§X2]|
I X.5(8 h)|E[X1e/¢%2] — E[X /%]

+hy'w

Voxv, $(&s h1)< sup |E[Vei§X2h2kh2(W— w)]

wesupp(W)

— E[V e X2 ok, (W — w)] |)

+hs' Wt (G ( sup  |Elhokn, (W — w)]
wesupp(W)

— E[hokp,(W — w)]|)] dc.

Then we have

E|: sup ‘fLV,)\(x,w,hn)s(x,w)de
xesupp(X)

5/[ V,\1S(§ah1){ (|E [’gXZ E[eiZXz]]|2)}1/2

Wy (G D E(|E[ X1 — E[x14%2]] )}/
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sup (E[Veinghzkhz(W —w)

" h V Aoxvs S(g, hl){E< wesupp(W)

E[Ve X2k, (W — w)]])‘z) }1/2

sup (E[hzkhz(W — w)
wesupp(W)

— E[hokp,(W — w)]])‘z)}l/z] de

”2( [#aemacent Y f ”Bs@hl)dz)
A=1,X

B=xv,fw

+hWE S(g,hz){E(

=n"12w, (b,
where

V A, s(h) (max{(l + h1_1)71+1’ hz—l}(l + hl_l)y¢s+)\,y9+l

X exp((a(bsl{%szye} aol{V¢s<V9})( )max{Vo V(/,s}))

from Lemma C.5. It follows by Markov’s inequality that

sup
xesupp(X)

ZfLV A (6w, hn)si(x, w) dw

j=1

=0, (n™"?(max{ (1 + h*1)71+1, h’l})(l + h*1)7¢5+)‘_79+1
x exp((atbsl{vqsszlxe} 0101{,,¢S<,,9})( )m"‘x{”f’ Vd:s}))‘
Finally,

Z/RV A (6w, hp)si(x, w) dw

j=1

sup
xesupp(X)

J

< supZ

xesupp(X) =1

/R;/j,)\].(x,w, hn)sj(x, w) dw‘

J 22
= sup ZR,-jsj-(x, w) dw|.
xesupp(X) j=1 i=1

We obtain upper bounds for the terms

sup ‘/R,-s(x, w)dw|,
xesupp(X)
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using the fact that the integral of R; dominates them, which is similar to Lemma B.6. For

brevity, we only provide a bound on this integral:

sup ‘les(x,w)dw‘
xesupp(X)

5/0 |5|A|K<h1§>|< sup ‘/w@,w)s(x,w)dw')

xesupp(X)

_ 14 2
XeXp(|5Qx1(§)|)( /0 |551X1(§)’d§> dz

56Xp(0p(1))/0 |§|/\’K(h1§)’( sup '/(bv(s“,w)S(x,w)de

xesupp(X)

5 /4 (59)(1(6)_ 0x1<§>sél<§>> (1 66%(5))‘1 i
o I\ 61(&) (01(8))? 01(8)
£\ (86x,(8) 9X1(§)5él(§)> ( aél(@)l
— 1 d
X/o ( 01(6) (01(6))2 TS &

= exp(0,(1)) Y (W21 + 0,(1)|

xf (f |§|A|K<h1§)|( sup ’/cbV(z,w)s(x,w)dedg)
0 & xesupp(X)

X( 1 +|6’X1(§)I>df

1018 10161
<YW, (),

where Fubini’s theorem is used in the third line. Note that

Y(m®Lw), (h)
= (Y(h)@,zznl/z)n_”z‘lf;)hs(h)

= Op(n—l/Z(maX{(l + h;])@L,s’ hgl })(hl—1)%\,L,s eXp(aL,s(hI])VL’S)).

Because all other terms are also bounded by the upper bound for sup,.cyppx) |/ R1 %
s(x,w)dw|, we have

J
Z/Rl/j,)\j(xawa hn)Sj(x,U)) dw

j=1

sup
xesupp(X)

= op(n*1/2(max{ (1 + hIl)ﬁL’s, h;l})(hfl)”’L’s eXp(aL,s(hfl)VL’s)).

Collecting these gives the desired result. O
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Proor oF THEOREM C.2. By Assumption C.4, we have

_max sup |80, (% w, ) — g (6, w, b))
J=LoT (x,w)esupp(X, W)
= ,max Sup ’BV]',)\]'(X7 w: hln)+LI/j,/\j(X7 w> hn)+RI/j,Aj(x7 w7 hl’l)‘
j=L...J (x,w)esupp(X,W)
—1/4
=o0,(n" ).

~1/4y2

Thus, the remainder term in eq. (S8) is 0, ((n™"/*)?) + 0, ((n ) = 0,(n~1/?) when we

let gy,.x, (X, w) = gy;.», (x, w, hy) and fiy (w) = fi (w). We have

J
Z//(gl/}',)\j(x, w, hn) _gl/}',)\j(xaw))sj(xaw)dwdx
j=1

J
ZZ//LV,-,A,-(X’U), hp)sj(x, w)dwdx
j=1

J
+Z//(lej,)\].(x,w, hin) 4 Ry a, (X, w, hp))sj(x, w) dwdx.
j=1

Note that

J
Z/ \/(BV}',)\]'(xa w, hln) + RV}',/\j(xa w, hn))sj(xa w) dU)d)C
j=1

= <,max Sup {Bl/j,/\j(xaw’hln)+Rl/j,Aj(xawa h}’l)|>
J=1ed (x,w)e(X, W)

X ]Z:;//bj(x, u))|dwdx

= Op(”_l/z)’

since

max Sup max{|BVj,)\j(x7 w, hll’l) RVj,/\j(xa w, hn)|} =0p(n_1/2)

=400 (x wye(X, W)

>

and [ [|sj(x, w)|dwdx < co. Therefore, we have

b(&(hn), f(hw)) — b(g, )
J
=Z/[LW,Aj(x,w, hn)sj(x, w)dwdx
j=1

+//(fw(w)—fw(w))sj+1(x, w)dwdx+0p(n_1/2).
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We also note that

J
Z//\LV]-,)\]«(X,U), hn)sj(X,IU)dU)dx
j=1
+//(fW(w)—fW(w))sJH(x,w)dwdx

J
= {lim Z//Ly/j,)\j(x,w, iz)sj(x,w)dwdx
1

h—)Oj:

+ lim / /(E[kﬁz(W —w)] - E[kﬁz(W —w)])sy41(x, w) dw dx} (S15)
h,—0

+ {}im /f(LV,-,A,-(x’ w, hy) — Ly, 2, (x, w, /:l))S]'(x, w)dwdx
h2—>0 ’

+ lim f /{(E[khzn(W —w)] = E[knp,, (W —w)))

]’lz—)O

— (E[kﬁZ(W —w)] - E[k;lz(W —w)])}sy41(x, w) dw dx}.

We will show that the first term in the right-hand side is a standard sample average,
while the second term is asymptotically negligible. By the definition of Ly, ), (x, w, h)
in Lemma 4.1 and the fact that because the assumption that ¥y, ; < co ensures the
integrand is absolutely integrable for any given sample, integrals and limits can be in-
terchanged, so we have

J
lim Z//Ll/j,,\j(x,w,iz)sj(x,w)dwdx

h—>0j:1

+ lim / /(E[k;lz(W —w)] - E[kﬁz(W —w)])sy41(x, w) dwdx
hy—0

J
=Z/{ lim //quj,;\j’l((,x, w, hy)sj(x, w) dwdx(E[e'X?] — E[¢'¢X?])
j=1

]’:”*)0

+ lim //‘Pr/j,Aj,Xl(Z,x,w,ﬁl)sj'(x,w)dwdx(E[Xle“X’L’]—E[Xlel?XZ])
/’l1~>0

wtim [0, o s (516)

X (E[I/jeiQVXZk;lz(W —w)] - E[Vje’pﬁkﬁz(W —w)])dwdx

+ lim [ [ 0,0 @xw hysi )
—0
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x (Elkz, (W = w)] — E[kz, (W —w))) dwdx} d¢

—{—/jim/ [k;; (W = w)] - [k;lz(W—w)])sH_l(x,w)dwdx.

hz—)O

For the first term in the integrand of eq. (S16), we have by Lebesgue’s dominated conver-
gence theorem and Fubini’s theorem,

lim //WV,,\,l({,x,w,ftl)s(x,w)dwdx
h]—)O

| i (O [F0 |
—tim [ {5 0a i e (i by (6w de

]’:”*)0
_ %(—ig)%(ﬁlg) exp(—ilx) d";]((i;”) }s(x, w) dw dx
1 bk ()
27 (01(0))?
+o00
x/ (/ exp(—ifx)/s(x, w)dy (&, w)dwdx)(—ig))‘ lim K(leg)dg
¢ =0
NG9k (/ ex (—ig"x)/s(x Wby (£ w)dwdx) lim (ki)
27 01(0) P VRS o
1 i6 E=e)
—g(l,,f(';f))z ) ( / exp(—i£x) f s(x, w)y (£, w)dwdx)(—ifﬂdf
1 A
- (0 lé)) ( / exp(—i{x) / S, W)y (£, w) dwdx)
=Yy a1,5(0).

Similarly, for the second term, we have

lim [/%,A,Xl(g,x,w,izl)s(x,w)dwdx
h1—>0

;:Lo//{zw 01(0)

x /g (—ié) (i1 &) exp(— z§x>¢y<§,w)d§}s<x w) dwdx

+o00
T /g ( / exp(—i£x) / $(6, )by (, w)dwdx>(—i§)"d§

=Yy A x,,s(0).
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We also note that for the third term,

Jim / / Wy a4 X, w, h)s(x, w)
E[Vei§X2k~ (W —w)])dwdx

:lim//{—( i) (i ) exp(—ign) L&) }(x,w>
xv (L, w)

h—0
x (E[Ve k) (W —w)] - E[Vet™2k; (W —w)]) dwdx

X (EA[Vei§X2k~ W —w)]—

| exp(—ig) Jim. s (G w)
x (E[V etk (W —w)] - E[Ve'“ k), (W —w)]) dwdx
= E[Zy a y (5, 6V, X2, W) = E[ 2y y (s, 5V, X2, W),
and for the fourth term,
lim//‘l’mfw({,x w, h)s(x, w)(E[kj, W —w)] = E[k; (W —w)]) dwdx

h—0
oy (L w }s(x, w)

:lim//{—( i0)" e exp(—ign) T

h—0
X (E[k;lz(W —w)] - E[k;lz(W —w)])dwdx
s(x, w)y (L, w)

——i(—ig)A/ex (—iZx) lim / !
=T P a0 fw(w)
E[k;lz(W—w)])dwdx

x (E[kj, W —w)] -

=E[Zy 0,5 (5. W] = E[Zy gy (5. W),

where Zy )y, (s, V, X2, W) and Zy ) g, (s, {; W) are defined in front of the theorem

Thus it follows that

lim Z//LV A (X, w, h)sj(x w)dwdx

h—0
+ lim //(E[kﬁz(W —w)] - E[kﬁz(W —w)])sy41(x, w) dwdx
h2—>0

—Z / Wi 0,1 (O(E[X] - E[e%2])

W, (O(ELE] - B[,

> XZ’ W)] - E[ZV}',)\}',XV]. (Sj, §1

+ (E[2,000, (57 &3V Vi, X2, W)))
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+ (E[2v;,0,, (575 & W] = E[Zv 0,50 (555 G IN]) } dE

/hm/ [k;, (W = w)] - [k;lz(W—w)])sHl(x,w)dwdx

hz—)O

= E[Z U, (553 Vi X1, Xo, W) + (57415 W)} = E[ys(V, X1, X2, W),
j=1

as defined just before the theorem. The assumption that @’V, A,s < oo ensures that for
some C < oo,

|rs(v, x1, X2, W)| < Cmax{1, |x1|} Py a5

Since E[Xlz] < oo by Assumption 4.2 and since E[|s(V, X1, X3, W)|?] < oo, the Linde-
berg-Levy central limit theorem gives that E [ys(V, X1, X2, W)] is 4/n consistent and
asymptotically normal.

The second term of eq. (S15) can be shown to be o p(n_l/ 2) because it can be writ-
ten as an /,-dependent sample average E[s(V, X1, X2, W, hy,)], where §,(V, X1, X»,
W, hy) is such that limy, _,¢ E[lys(V, X1, X2, W, hy)|*] = 0. The similar procedure works
for the case of E[t//s(V, X1, X2, W)] by replacing K(ﬁlf) with (k(h1,€) — K(izlf)) and
kﬁz(') with (kp,, (-) — kizz('))' and taking the limit as A, = (h1,, h,) — 0 and h =
(ill, ilz) — 0. O

Proor oF THEOREM C.3. We prove the theorem by applying Theorem C.1 and straight-
forward Taylor expansions. (i) From the definitions of ,ém(x) and B,,(x), we have

sup | Bm(x) — Bm(x)|

xeM
= sup / (BGx, w, hy) — B(x, w))m(w) dw
xeM SB( hn)
=sup| > > / m(w)sy,x(x, w)(&v.a(x, w, hy) — gy A(x, w)) dw
xeM

Ve(l,Y) A=0,1" S5 i)
+0p(1)

= 0(7_3 (hfr})VI,B,s eXp(aB S(h;nl)vg,s))
+0, (773n71/2(max{ (hlnl)aL oy })(hl—nl)yl,L 5 exp(aL s(h l)VL s)),

where the last equality is attained by Theorem C.1.
(ii) Similarly, from the definitions of 3,,(x) and B,,(x), we have

Sup| Buufy (X) = Bumfyy ()|
xeM

= 0 ()™ explano (A7) ™)
40, (=2 max| () g ) ()™ explas(7,))).

1n 1n
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(iii) Similarly, from the definitions of Bmfw‘ »(x) and Bunfyy x (X), We have
SUp | Bunfyy 1 (X) = Bunfy (X))
xeM

= 0(773(h1_nl)7]’3’s exp(aB,S(hl_nl)vB’s))
+ Op(r=3n~ 2 (max{ ()™, hy ) ()T expla o (T,) ™). O

1n 1n 1n

Proor oF THEOREM C.4. Again, Theorem C.2 and Taylor expansions deliver the result.
(i) From the definition of ,ém and B,;, we have

Bin— B = / (B(x,w, hy) — B(x, w))m(x, w) dwdx
Sg(',hn) Sg(',hn)

- Z Z/ / m(x, w)sy, \(x, w)

X w
Vell, Y} A=0,1" 53¢ i) S

X (gv.a(x, w, hy) — gy a(x, w)) dwdx
+o0p(n7'?)

ZE[ 2 2 ‘pV’A(P“V’Xl,Xz,W)}+0p(n‘1/2),

Ve{l,Y} A=0,1

where P; is defined in front of the theorem. Let

(1[/3,;1(1)’ x17x27ﬂ))5 Z Z l,[fV,)\(rhsV,)\;U,XI,xz,'lI)).

Vel{,Y}A=0,1

The result is immediate by applying Theorem C.2.
(ii) Similarly, from the definitions of B fwix and B iy We get

thpr( - Br;lfW\X

=E[ S PV, X1, Xo, W) + 1 o(Psi 1, X1, Xo, W)
Ve{l,Y} A\=0,1

where P,—P;s are defined in front of the theorem. Let

Y By (V> X1, X2, W) = D> Y (Paiv, x1, X0, W) + $1,0(P3: 1, x1, X2, )
Ve(l, Y} A=0,1

— 1,0(Py; 1, x1, X2, W) + P ¢ (Ps; w).

The result is immediate by applying Theorem C.2.
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(iii) Similarly, from the definitions of j3,; fw.x and By, o, We get

B’hfW,X — Binfw x = E|: Z Z Yy (P V, X1, X2, W)
Ve{l,Y} A=0,1

Y0P L Xy, Xo, W)+ 4§y (P W>] +o,(n12),

where Ps—Pg are defined in front of the theorem. Let

l'b'BﬁlfWX(v’ X1, X2, 111)5 Z Z l//V,/\(I)69 v7x17x2711))

Vell,Y} A=0,1
+¢1,0(P7; 1, x1, X2, W) + ¢ p(Pg; w).

The result is immediate by applying Theorem C.2. O
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